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Frequency dependent dielectric response of ferroelectric-dielectric junction with
negative electric capacitance
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1Department of Physics, Faculty of Science, University of Zagreb, Bijenicˇka 32, Zagreb 10000, Croatia
We calculated the frequency dependent dielectric response (electric susceptibility) of layered
ferroelectric-dielectric junction, biased by the time-dependent harmonic voltage with single fre-
quency ω. Working point is stabilized, by the charge boundary condition between the layers, in
the region with negative electric capacitance. The static susceptibility χ0 is negative and relative
dielectric constant ǫr smaller than one, clearly indicating the opposite direction of electric field and
polarization in the ferroelectric layer due to the negative electric capacitance. At finite frequencies
this sign is preserved in real part of susceptibility which gains the frequency dependence. Also,
frequency dependent imaginary part arises due to the phase shift between electric field and po-
larization. The type of that frequency dependence in linear regime is so-called relaxation (Debye)
response, i.e. χ′(ω) = χ0/(1 + (τω)
2) and χ”(ω) = χ0τω/(1 + (τω)
2), where τ is polarization
switching time characteristic to ferroelectric material. In particular, we modeled the junction of
ferroelectric BaTiO3 and dielectric Al2O3, taking the experimental values of material parameters,
and addressed the role of nonlinearity with respect to result of the linear response theory.
PACS numbers:
I. Introduction
The concept of negative electric capacitance, and es-
pecially experimental realizations of heterostructures fea-
turing this property, have been an intriguing topic of re-
search for over a decade. The negative electric capaci-
tance in ferroelectric material refers to the presence of
local maximum of free energy, depending on polariza-
tion, around which the Taylor expansion effectively yields
square of charge divided by double capacitance which has
to be negative since we have the upside-down parabola
(analogous to effective mass of the hole in the vicinity
of the top of electron band). The problem is that this
solution is unstable and it is never realized in the stand-
alone ferroelectric in which the polarization settles in one
of the stable minima surrounding the mentioned local
maximum. One motivation to deal with negative elec-
tric capacitance, as suggested by Salahuddin et al.1, is
related to lower the subthreshold slope in the field effect
transistors to less than standard 60 mV of channel po-
tential per decade in current by replacing the standard
insulator between the gate and channel with a ferroelec-
tric layer which serves as an amplifier of a gate voltage.
One advantage of integrated circuits based on such FETs
is the increase in operating frequency, e.g. rising the pro-
cessor operating frequency to higher than nowadays stan-
dard of 2 GHz. The evidence of ferroelectric negative ca-
pacitance in nanoscale heterostructures has been demon-
strated in several experiments2. Another possible moti-
vation lays in the field of metamaterials as suggested by
Hrabar et al.3 The negative capacitance element in their
transmission line provided an ultra-broadband (disper-
sionless) metamaterial. However, this key element was
an active electronic circuit of macroscopic scale that, by
itself, presents a constraint and limits the size of a de-
vice. Therefore, for application purposes it would be of
the essence to find a heterostructure on microscopic scale
providing the negative electric capacitance with a broad-
band response. Very good review paper covering the de-
velopment in the field related to the ferroelectric nega-
tive electric capacitance is published recently by I´n˜iguez
et al4.
A feasible way to stabilize a working point on a section of
polarization vs electric field characteristic with negative
electric capacitance was proposed by Rusu et al.5 based
on the Maxwell charge equations6 and Tsividis model
of the MOS transistor7. The presented idea is to use a
layer of linear dielectric on the top of the layer of ferro-
electric where the boundary condition between the two
fixes the polarization in the ferroelectric layer to the de-
sired working point depending on the parameters of the
junction and materials. In this work we consider this sug-
gestion and calculate the frequency dependent dielectric
response.
II. The Model
We consider the system schematically shown in fig. 1:
layer of linear dielectric (DE) on the layer of ferroelectric
(FE), biased by time-dependent voltage Vb(t). Polariza-
tion ~P in ferroelectric exposed to electric field ~E inside
it is described by the simplest form of Landau expansion
of energy
U(P ) = U0 +
a
2
P 2 +
b
4
P 4 +
c
6
P 6 + ...− ~E · ~P , (1)
where a, b, c, ... are coefficients in the expansion depend-
ing on the material and external conditions. We limit our
consideration to the ferroelectric phase at temperature T
below the critical FE transition temperature Tc for which
we have coefficient a ∼ T−Tc negative, i.e. a = −|a| < 0.
From the set of coefficients describing the nonlinear con-
tributions of higher order, we keep only b and c to account
2FIG. 1: Schematic presentation of layered ferroelectric (FE) -
dielectric (DE) junction, with corresponding thicknesses dFE
and dDE respectively, biased by time-dependent voltage Vb(t).
Here ~P is polarization in the FE layer, while ǫ
(DE)
r is rela-
tive dielectric constant of the DE layer. In further model-
ing we use realistic material parameters. For the FE mate-
rial parameters are taken for BaTiO3: a = −2 · 10
7Vm/C,
b = −35.6 · 108Vm5/C3 and c = 27 · 1010Vm9/C5 in eq. (1),
with thickness dFE = 55nm, and polarization switching time
τ ∼ 50 ÷ 70ps.8,9 The DE material is Al2O3, with thickness
dDE = 7nm and relative dielectric permittivity ǫ
(DE)
r = 9.1.
for the nonlinearity. Naturally, in a ferroelectric, polar-
ization would get stabilized at the minimum of energy
which corresponds to positive electric capacitance. The
time evolution of polarization is determined by Landau-
Khalatnikov (L-K) equation10 ρ ~˙P = −∇PU(P ) which,
neglecting the anisotropy of polarization in FE layer and
considering it homogeneous along the direction perpen-
dicular to FE-DE interface, reduces to
ρ
dP
dt
= −|a|P + bP 3 + cP 5 − E, (2)
where ρ is the kinetic coefficient accounting for the ”inter-
nal resistance”(or ”viscosity”) causing the delay in polar-
ization switching, here in units of electric resistivity since
dP/dt is dimensionally current.
The afore mentioned boundary condition at the FE-DE
interface5 ensures continuation of dielectric shift ~DDE =
~DFE in the absence of trapped charge in it. It pins the
polarization to the specific (working) point of the P (E)
characteristic that can be controlled by the parameters
of the junction. Using the auxiliary variables ~EFE and
~EDE for electric fields in ferroelectric and dielectric layer
respectively, we can write this condition as
ǫ0 ~EFE + ~P = ǫ0ǫ
(DE)
r
~EDE , (3)
where ǫ0 is dielectric permittivity of vacuum and ǫ
(DE)
r
is relative dielectric permittivity of dielectric layer. Ex-
pressing the auxiliary electric fields in terms of corre-
sponding voltage drops VFE and VDE over each layer
of thickness dFE and dDE respectively (i.e. VFE =
EFEdFE , VDE = EDEdDE) and taking into account that
total voltage drop is Vb = VFE + VDE , we transform eq.
(3) into condition that pins the polarization in the FE
layer
P (EFE) = ǫ0
ǫ
(DE)
r
dDE
Vb − ǫ0
(
1 +
ǫ
(DE)
r dFE
dDE
)
EFE . (4)
Writing eq. (4) we assumed homogeneous field and po-
larization in layers, as well as their parallel directions as
before, so the vectors are omitted. This equation must
be solved together with eq. (2). According to ref. [5],
the right-hand side of eq. (4) is so-called ”charge line”
C(E) = A−BE, (5)
with coefficients
A(t) =
ǫ0ǫ
(DE)
r
dDE
Vb(t),
B = ǫ0
(
1 +
ǫ
(DE)
r dFE
dDE
)
> 0, (6)
that stabilizes solution for polarization on the section
with negative electric capacitance, i.e. the unstable sec-
tion where the slope of function P (E) following from the
stationary L-K equation (see fig. 2) is negative. Ex-
pressing E from eq. (5) at the point C(E) = P (E) and
inserting into eq. (2), we obtain the system of equations
that determines polarization and electric field in the fer-
roelectric layer in FE-DE junction
ρ
dP (t)
dt
+
(
1
B
− |a|
)
P (t) + bP (t)3 + cP (t)5 =
A(t)
B
E(t) =
1
B
(A(t)− P (t)) . (7)
Comparing the L-K equation with the first equation in
system (7), we immediately notice the condition that now
stabilizes solution on the section with negative electric
capacitance, which is that coefficient associated with P
is positive, i.e.
α ≡
1
B
− |a| > 0, (8)
meaning that the (absolute) slope of C(E) line is smaller
than the slope of P (E) at that section. This system can
be solved numerically, but also analytically within the
framework of linear response approximation. The linear
response approximation will give us the main insight in
the nature of this response. After that we shall present
numerical solution of a more realistic nonlinear case and
compare the frequency dependence of polarization and
phase shift with respect to electric field. It is also pos-
sible to formulate the higher orders of nonlinear suscep-
tibilities as suggested by Miga et al [11], but this goes
beyond the scope of this work and its goal, and brings
no essential information in that respect, thus it will not
3FIG. 2: Polarization P dependent on electric field E in the
FE layer obtained as a solution of the stationary Landau-
Khalatnikov equation eq.(2). FE (BaTiO3) and DE (Al2O3)
material parameters are listed in the fig. 1 caption. Charge
lines C(E) eq.(5) are obtained correspondingly within the span
of bias voltages with amplitude V0 between -12.5V and 12.5V.
It is evident that the negative slope is preserved approxi-
mately within the range |V0| < 8V, while the linear regime
is rather well kept for |V0| < 2V.
be considered. In fig. 3 we see a typical solution of the
system (7) with stabilized solution in the sense of eq. (8)
calculated for FE-DE junction where we took material
parameters of FE = BaTiO3, DE = Al2O3: (a) the time
independent case (Vb(t) = V0) in which it is clearly vis-
ible that polarization P (t) and electric field E(t) in the
FE layer are in opposite direction (phase shift between
them is −π); (b), (c) at finite frequency ω of time de-
pendent bias voltage (Vb(t) = V0cos(ωt)) there is a finite
frequency-dependent phase shift between P (t) and E(t)
which differs from −π.
II. The Linear Response
Within the linear response approximation we treat the
system (7) neglecting the higher order terms in P (i.e.
setting b = c = 0). The latter is valid for small enough
amplitude of bias voltage for which the working point
gets positioned to the linear part of P (E) characteristic
(around P (E) = 0). The response function - the elec-
tric susceptibility and corresponding dielectric function
in frequency domain are calculated as
χ(ω) =
P (ω)
ǫ0E(ω)
, ǫr(ω) = 1 + χ(ω) (9)
respectively.
The stationary susceptibility χ0 of the FE layer is eas-
ily calculated from stationary solution of system (7), i.e.
stating ω = 0, Vb(t) = V0, A(t) = A0 ≡ ǫ0ǫ
(DE)
r V0/dDE
and P˙ = 0, providing
P =
A0/B
1
B
− |a|
,
E = −|a|P. (10)
FIG. 3: The polarization P (t) (full) and electric field E(t)
(dashed) dependent on time t (in units of characteristic po-
larization switching time τ - see eq. (13)) in the FE layer
obtained as a solution of the eq.(7). Solutions are modeling
FE-DE junction in which material parameters are listed in
the fig. 1 caption. Different characteristic frequency regimes
(with respect to the time scale τ ), imposed by the bias volt-
age, are shown: (a) for ωτ = 0 i.e. stationary bias voltage;
(b) for ωτ = 0.1; (c) for ωτ = 10. The frequency depen-
dent difference in phase shift between polarization and elec-
tric field is evident. Polarization and electric field in pictures
are normalized to their maximal saturation values Psat and
Esat respectively.
From eq. (10) there follows
χ0 = −
1
ǫ0|a|
< 0. (11)
The stationary susceptibility of FE layer is negative
providing the corresponding dielectric constant ǫ
(0)
r =
1−(ǫ0|a|)
−1 < 1. This result clearly indicates a stable so-
lution with negative electric capacitance: polarization in
the FE layer is directed in opposite direction with respect
to the electric field (see eq. (10), second equation). Here
susceptibility is purely real and the phase shift between
polarization and electric field is −π.
4The frequency dependent electric susceptibility in the
FE layer is obtained from the time dependent solution
of the system (7) for the simple choice of harmonic bias
voltage Vb(t) = V0 cos(ωt) with single frequency ω. Sta-
tionary time dependent solution of this system is, for po-
larization
P (t) =
A0
B
α2 + (ρω)2
(α cos(ωt) + (ρω) sin(ωt)) , (12)
while electric field is then easily found from the second
equation of system (7). In solution eq. (12) we ne-
glected the exponentially damped homogeneous solution
Ph(t) ∼ exp (−αt/ρ) with relaxation time ρ/α. Here we
also single out the polarization switching time character-
istic for sole ferroelectric material,
τ =
ρ
|a|
= ǫ0ρ|χ0|. (13)
Such switching time highly depends on preparation of the
sample. Nowadays samples can achieve switching times
of the order of dozens picoseconds.9 We can express both
P (t) and E(t) in the form
P (t) = AP cos(ωt+ φP ),
E(t) = AE cos(ωt+ φE), (14)
provided
AP =
A0
Bα√
1 +
(
ρω
α
)2 ,
AE =
A0
Bα√
1 +
(
ρω
α
)2
√
|a|2 + (ρω)2,
tan(φP ) = −
ρω
α
,
tan(φE) =
ρω
α
Bα
(
1 +
(
ρω
α
)2)
− 1
. (15)
Shifting the time origin conveniently, we can write Eqs.
(14) in the more convenient way, i.e. P (t) = AP cos(ωt+
∆φ) and E(t) = AE cos(ωt). There ∆φ = φP − φE ,
obtained combining last two expressions in eq. (15) and
determined by
tan(∆φ) =
ρω
|a|
, (16)
is the phase shift between electric field and polarization
in the FE layer which, taking into account the correct
branch of arctan function, equals
∆φ = −π + arctan (τω) . (17)
∆φ attains the value −π in the ω = 0 limit and asymp-
totically approaches the value −π/2 in the τω ≫ 1 limit.
At finite frequency, giving rise to the finite phase shift
∆φ different from −π, the Fourier transforms of P (t)
FIG. 4: Frequency dependence of susceptibility of ferroelectric
layer eq. (19) within the linear response theory. χ′(ω) real and
χ”(ω) imaginary part of susceptibility are plotted normalized
to χ0 < 0. Here τ , defined by eq. (13), is the polarization
switching time characteristic of the FE material.
and E(t) in eq. (9) yield the complex susceptibility with
real and imaginary part
χ′(ω) =
1
ǫ0
AP (ω)
AE(ω)
cos (∆φ(ω)) ,
χ”(ω) =
1
ǫ0
AP (ω)
AE(ω)
sin (∆φ(ω)) . (18)
respectively. After short calculation, expressing cos and
sin in terms of arctan function, we get
χ′(ω) = χ0
1
1 + (τω)2
,
χ”(ω) = χ0
τω
1 + (τω)2
. (19)
This type of response (see fig. 4) is typical so-called re-
laxation response (Debye)12, but we emphasize that χ0
is negative (see eq. (11)), providing the real part of rel-
ative dielectric function ǫ′r(ω) = 1 + χ
′(ω) < 1! We have
Debye-like response of the system characterized by neg-
ative electric capacitance, decreasing with frequency, ac-
companied with dielectric losses appearing at the finite
frequencies.
III. Effects of nonlinearity
Numerical treatment of eq. (7) opens possibility to ad-
dress the role of nonlinearity in P (E) dependence. Here
we take under consideration the range of V0 covering the
negative slope of P (E) characteristic (see fig. 2), thus
taking out of consideration branches responsible for hys-
teretic effects which are of no interest for this analysis
anyway. As announced above, we do not consider formu-
lation of higher orders of nonlinear susceptibilities, but
rather track the influence of nonlinearity by calculating
numerically frequency dependent ratio of amplitudes of
polarization and electric field, as well as the phase shift
5FIG. 5: Comparison of the linear model (dashed) and numer-
ical exact solution (full) of eq. (7): (a) ratio of amplitudes of
polarization (AP ) and electric field (AE); (b) phase shift be-
tween polarization and electric field in the FE layer depending
on frequency ω. FE-DE material parameters used in calcu-
lation are listed in the fig. 1 caption. Ratio of amplitudes
is normalized to |χ0|ǫ0. Results are presented for different
values of bias voltage amplitude V0 listed in the figure.
between them, depending on parameter V0 which is pro-
portional to deviation from the linear model (and still
kept within the region with negative capacitance). Then
we compare numerically calculated ratioAP (ω)/ǫ0AE(ω)
with analytical value |χ0|/
√
1 + (ωτ)2 obtained for linear
response from eq. (15), and numerically calculated phase
shift ∆φ(ω) with analytical result for linear response de-
termined by eq. (17). Results are shown in fig. 5. The
deviations from linear model are most pronounced in the
region of frequency small as compared to the FE charac-
teristic frequency scale τ−1, while for higher frequencies
the nonlinear result saturate toward the linear model.
As expected, the deviations are more pronounced for a
larger value of V0, i.e. the response amplitude decreases,
but the phase shift changes from −π more slowly with in-
creasing V0. However, the nonlinearities do not introduce
any fundamental difference in the behaviour of response
function with respect to frequency, just mere numerical
correction, e.g. at worst up to 30 percent in response
amplitude at zero frequency.
IV. Conclusions
We considered a layered ferroelectric (FE) - dielectric
(DE) junction biased by time dependent harmonic volt-
age Vb(t) = V0 cos(ωt) with single frequency ω. The elec-
tric polarization P in the FE layer is described within
the framework of standard Landau expansion and we
limit our consideration to regime below the critical tem-
perature of the ferroelectric transition, i.e. with finite
polarization. Conveniently tailored boundary condition,
imposed on the dielectric shift at the FE-DE boundary,
pins the polarization in the FE layer and effectively sta-
bilizes a working point of the junction to the region with
negative slope of the FE polarization with respect to elec-
tric field dependence. This gives rise to a stable solution
with negative electric capacitance (otherwise unstable),
i.e.negative static susceptibility χ0 < 0 and relative di-
electric constant ǫr < 1. The time dependent solutions,
providing the frequency dependence of susceptibility, are
obtained from the Landau-Khalatnikov equation. The
frequency dependent linear response yields the typical
relaxation (Debye) type of susceptibility, however, pre-
serving its negative sign. At finite frequencies ω both
real and imaginary susceptibility, χ′(ω) = χ0/(1+(τω)
2)
and χ”(ω) = χ0τω/(1 + (τω)
2) respectively, where τ
is polarization switching time characteristic to the fer-
roelectric material, are finite. They appear as such
due to the phase shift between polarization and elec-
tric field that attains the value −π for ω = 0 and satu-
rates to −π/2 at high frequencies with characteristic scale
ω0 = 2π/τ = 2π(ǫ0ρ|χ0|)
−1, where ρ is the kinetic coeffi-
cient in units of resistivity, accounting for the ”viscosity”
causing the delay in polarization switching in the FE ma-
terial. Thus, ω0 also represents the upper frequency limit
up to which the benefits of negative electrical capacitance
are feasible for application. Well tailored material with
fast switching time, e.g. τ of the order of 10ps, can pro-
vide operational frequencies up to the gigahertz range.
The effects of nonlinearities of polarization versus electric
field dependence, within the section with negative slope,
are addressed numerically, calculated from the Landau-
Khalatnikov equation with parameters characterizing the
FE material BaTiO3 and the DE material Al2O3. No
qualitative deviations from the linear model in the re-
sponse functions were noticed, just numerical corrections
at worse up to 30 percent in the low-frequency limit.
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